Abstract. The measurement of the deflection of starlight during a total solar eclipse on May 29, 1919 was the first verification of general relativity by an external team of scientists, brought Einstein and his theory to the attention of the general public, and left a legacy of experimental testing that continues today. The discovery of gravitational lenses turned Einstein's deflection into an important tool for astronomy and cosmology. This article reviews the history of the 1919 measurement and other eclipse measurements, describes modern measurements of the effect using radio astronomy, and of its cousin, the Shapiro time delay, and discusses gravitational lenses.
Introduction
The headline in the London Times of November 7, 1919 read "Revolution in Science/ New Theory of the Universe/ Newtonian Ideas Overthrown." It signaled a brave new world in which the old values of absolute space and absolute time were lost forever. To some emerging from the devastation of the First World War, it meant the overthrow of all absolute standards, whether in morality or philosophy, music or art. In a 1983 survey of twentieth-century history, the British historian Paul Johnson argued that the "modern era" began not in 1900, not in August 1914, but with the event that spawned this headline [1] .
The event that caused such an uproar was the successful measurement of the bending of starlight by the Sun during a solar eclipse in May 1919 [2] . The amount of bending agreed with the prediction of Einstein's general theory of relativity, but disagreed with the prediction of Newton's gravitational theory. The announcement made Einstein an overnight international celebrity and brought the strange concepts and complex mathematics of general relativity before the general public.
It also brought to the fore the centrality of experiment in verifying or falsifying a fundamental theory of nature. It set off a flurry of activity worldwide to test the so-called three critical predictions of general relativity: the deflection of light, the gravitational redshift, and the perihelion advance of Mercury. But during the next 20 years, the results were not promising. Subsequent measurements of the deflection of light ranged between three-quarters and one and one-half times the general relativistic prediction, and the precisions were low. The gravitational redshift was never measured reliably. And while the predicted relativistic advance of Mercury's perihelion appeared to resolve a problem dating back to the 1850s, some skeptical astronomers continued to hunt for Vulcan, a hypothetical planet between Mercury and the Sun, whose gravitational perturbations would solve the problem without relativity (see [3] for a detailed history of this period).
This failure to "seal the deal" empirically with general relativity was partially responsible for the steady decline of scientific interest in the theory from the 1920s onward. It wasn't until the 1960s that a renaissance in experimental relativity occurred, spurred by astronomical discoveries that heralded a central role for the theory in astrophysics, by advances in precision technology that would provide tools to measure the minuscule effects predicted by the theory, and by the space program, which would provide a new platform for many tests.
The deflection of light, and its related effect, the Shapiro time delay, played a key role in this renaissance, and today these effects are measured with precisions of hundredths to thousandths of a percent, consistently in agreement with general relativity, and may soon reach the part-per-million level. And as we celebrate the centenary of general relativity, Einstein's deflection is still front and center. Morphed into the gravitational lens, it is a prime tool in efforts to map dark matter, study galactic structure, find exoplanets, probe dark energy and trace fluctuations in the cosmic background radiation.
In this article, we shall review this first of our selected "milestones of general relativity". We begin in Sec. 2 by describing the 1919 measurement itself, both its background and its immediate aftermath. In Sec. 3 we discuss the years following the measurement, characterized by skepticism of general relativity in some circles and by not terribly conclusive experimental results. Section 4 reviews the modern high-precision measurements, and Sec. 5 describes the broad legacy of 1919 in experimental gravity. In Sec. 6 we describe gravitational lenses, while Sec. 7 makes concluding remarks.
The 1919 eclipse expedition: Background and aftermath
From the moment that Einstein recognized the equivalence between gravity and accelerated frames, he realized that gravity would affect the trajectory of light. In 1911, he determined that the deflection of a light ray grazing the Sun should be 0.875 arcseconds [4] . He proposed that the effect be looked for during a total solar eclipse, during which stars near the Sun would be visible and any bending of their rays could be detected through the displacement of the stars from their normal positions. Several teams, including one headed by Erwin Finlay-Freundlich of the Berlin Observatory and one headed by William Campbell of the Lick Observatory in the USA headed for the Crimea to observe the eclipse of August 21, 1914 . But World War I intervened, and Russia sent many of the astronomers home, interned others, and temporarily confiscated much of the equipment; the weather was too bad to permit useful observations anyway.
In November of 1915, armed with the full theory of general relativity, Einstein realized that the predicted deflection was double his earlier value. From a modern perspective we understand that his original 1911 derivation was correct as it stood. It is equivalent to the deflection that would be calculated using Newtonian theory for a particle moving at the speed of light. This "Newtonian deflection" was first calculated by Henry Cavendish around 1784, and by Johann von Soldner in 1803 [5] . The doubling comes about because the Newtonian deflection must be augmented by the bending of locally straight lines relative to straight lines very far from the Sun, a result of spatial curvature. The fact that the two effects have the same size is a feature of general relativity; in alternative theories of gravity, the Newtonian effect is the same, but the space curvature effect may differ from theory to theory. This doubling meant that the effect was now more accessible to observation. But the fact that a successful observation came as early as 1919, only three years after publication of the complete general theory, must be credited to Arthur Stanley Eddington. By the time of the outbreak of World War I, Eddington was the Plumian Professor at Cambridge University, and one of the foremost observational astronomers of the day. The war had effectively stopped direct communication between British and German scientists, but the Dutch cosmologist Willem de Sitter managed to forward to Eddington Einstein's latest paper together with several of his own on the general theory of relativity. In 1917, Eddington prepared a detailed and laudatory report on the theory for the Physical Society of London, and began to work with Astronomer Royal Frank Dyson on an eclipse expedition to measure the predicted deflection of light. Dyson had pointed out that the eclipse of May 29, 1919 would be an excellent opportunity because of the large number of bright stars expected to form the field around the Sun. A grant of 1,000 pounds sterling was obtained from the government, and planning began in earnest. The outcome of the war was still in doubt at this time, and a danger arose that Eddington would be drafted. As a devout Quaker, he had pleaded exemption from military service as a conscientious objector, but, in its desperate need for more manpower, the Ministry of National Service appealed the exemption. Finally, after three hearings and a last-minute appeal from Dyson, the exemption from service was upheld on July 11, 1918 . This was just one week before the second Battle of the Marne, a turning point in the war. The decision reeks of irony: a British government permitting a pacifist scientist to avoid wartime military duty so that he could go off and try to verify a theory produced by an enemy scientist.
On March 8, 1919 , just four months after the armistice ending the war, two expeditions set sail from England: Eddington's for the island of Principe, off the coast of present-day Equatorial Guinea; the other team under Andrew Crommelin for the city of Sobral, in northern Brazil. The principle of the experiment is deceptively simple. During a total solar eclipse, the moon hides the Sun completely, revealing the field of stars around it. Using a telescope and photographic plates, the astronomers take pictures of the obscured Sun and the surrounding star field. These pictures are then compared with pictures of the same star field taken when the Sun is not present. The comparison pictures are taken at night, several months earlier or later than the eclipse, when the Sun is nowhere near that part of the sky and the stars are in their true, undeflected positions. In the eclipse pictures, the stars whose light is deflected would appear to be displaced away from the Sun relative to their actual positions. Because the deflection varies inversely as the angular distance of the star from the Sun, stars far from the Sun establish the fixed reference points for comparing the sets of plates.
Because of turbulence in the Earth's atmosphere ("seeing"), starlight passing through it can suffer deflections comparable to the effect being measured. But because they are random in nature, they can be averaged away if one has many images, revealing the underlying systematic displacements away from the Sun. To this end, of course, it helps to have a clear sky. But on the day of the eclipse at Eddington's site, a rainstorm started, and as the morning wore on, he began to lose all hope. But at the last moment, the weather began to change for the better, and when the partial eclipse was well advanced, the astronomers began to get a glimpse of the Sun. Of the sixteen photographs taken through the remaining cloud cover, only two had reliable images, totaling only about five stars. Nevertheless, comparison of the two eclipse plates with a comparison plate taken at the Oxford University telescope before the expedition yielded results in agreement with general relativity, corresponding to a deflection at the limb of the Sun (grazing ray) of 1.60 ± 0.31 arcseconds, or 0.91 ± 0.18 times the Einsteinian prediction. The Sobral expedition, blessed with better weather, managed to obtain eight usable plates showing at least seven stars each. The nineteen plates taken on a second telescope turned out to be worthless because the telescope apparently changed its focal length just before totality of the eclipse, possibly as a result of heating by the Sun. Analysis of the good plates yielded a grazing deflection of 1.98 ± 0.12 arcseconds, or 1.13 ± 0.07 times the predicted value [2] .
Before this, Einstein had been an obscure Swiss/German scientist, well known and respected within the small European community of physicists, but largely unknown to the outside world. With the announcement of the measurement of the deflection at the Royal Society of London on November 6, 1919, all this changed, and Einstein and his theory became overnight sensations. The Einstein aura has not abated since.
On the other hand, Einstein's fame did engender a backlash, especially in Germany. In 1920, Paul Weyland organized a public forum in which Einstein and his theories were denounced, and Nobel Laureate Philipp Lenard had Soldner's 1803 article reprinted in an attempt to demonstrate that Einstein had committed plagiarism of an Aryan scientist's work. Behind many of these attacks was antisemitism, and relativity was frequently characterized as "Jewish science". The vast majority of non-Jewish German physicists did not share this view, however, and despite the Nazi takeover in Germany and the subsequent dismissal and emigration of many Jewish physicists (including Einstein), the anti-relativity program became little more than a footnote in the history of science.
Other questions were raised, however, about the results of Eddington's measurements. Given the poor quality of the data, did they really support Einstein or not? Was it proper for Eddington to discard the data from the second telescope at the Sobral site? Given Eddington's enthusiasm for the theory of general relativity, some wondered whether he had selected or massaged the data to get the desired result. Numerous reanalyses between 1923 and 1956 of the plates used by Eddington yielded the same results within ten percent. In 1979, on the occasion of the centenary of Einstein's birth, astronomers at the Royal Greenwich Observatory reanalysed both sets of Sobral plates using a modern tool called the Zeiss Ascorecord and its data reduction software [6] . The plates from the first telescope yielded virtually the same deflection as that obtained by Eddington's team with the errors reduced by 40 percent. Despite the scale changes in the second set of Sobral plates, the analysis still gave a result 1.55±0.34 arcseconds at the limb, consistent with general relativity, albeit with much larger errors. Looking back on Eddington's treatment of the data, Kennefick [7] has argued that there is no credible evidence of bias on his part.
Testing general relativity: the early struggles
The publicity surrounding Eddington's famous announcement has left the impression that his was the only test of the deflection using eclipse measurements, successful or otherwise. But the history is much richer [3] . Campbell and Heber Curtis of the Lick Observatory analyzed plates from a 1900 eclipse in Georgia and a 1918 eclipse in Washington State in the USA and found no deflection; ironically they reported this negative result at the Royal Society of London meeting in July 1919 in the midst of Eddington's data analysis (at the meeting, rumors were already going around that . Surprisingly, there was very little improvement in accuracy, with different measurements giving values anywhere between three-quarters and one and one-third times the general relativistic prediction, yet there was little doubt about Einstein beating Newton (for reviews see [8, 9] ).
The 1973 expedition is a case in point. Organized by the University of Texas and Princeton University, the observation took place in June at Chinguetti Oasis in Mauritania ‡. The observers had the benefit of 1970s technology: modern photographic emulsions, a temperature-controlled telescope shed, sophisticated motor drives to control the direction of the telescope accurately, and computerized analysis of the photographs. Unfortunately, they couldn't control the weather any better than Eddington. Eclipse morning brought high winds, drifting sand, and dust too thick to see the Sun. But as totality of the eclipse approached, the winds died down, the dust began to settle, and the astronomers took a sequence of photographs during what they have described as the shortest six minutes of their lives. They had hoped to gather over 1000 star images, but the dust cut the visibility to less than 20 percent and only a disappointing 150 were obtained. After a follow-up expedition to the site in November to take comparison plates, the photographs were analyzed using the GALAXY Measuring Engine at the Greenwich Observatory, with a result 0.95 ± 0.11 times the general relativity prediction, essentially no improvement in accuracy over previous eclipse measurements [10, 11] .
Although the deflection of light was gradually accepted as a success for general relativity, the second of Einstein's empirical pillars of the theory -the gravitational redshift -was not conclusively measured until the 1960s. In 1917, Charles E. St. John of the Mount Wilson Observatory in California reported no relativistic shift of spectral lines from the Sun §, and a 1918 report from an observatory in Kodiakanal in India was inconclusive. This established a pattern that would last for decades, and that was seized upon by some as reason to doubt the theory. For example, the mathematician Alfred North Whitehead produced an alternative theory of gravity in 1922 [12] designed to retain the flat space-time of special relativity while providing an "action-at-a-distance" tensor potential that would give the correct deflection of light and orbital motion of particles, while predicting no gravitational redshift effect. ‡ The author vividly remembers Bryce DeWitt's slide show on the expedition presented at the Les Houches Summer School on black holes in August 1974, including photos of DeWitt and Richard Matzner perched atop camels § This result apparently had a direct negative impact on Einstein's candidacy for the Nobel Prize that year. The prize would not be awarded to him until 1922, and then only for the photoelectric effect, not for any of his relativistic theories.
Unfortunately, the measurement of the solar shift is not simple. Solar spectral lines are subject to the "limb effect", a variation of spectral line wavelengths between the center of the solar disk and its edge or "limb"; this effect is actually a Doppler shift caused by complex convective and turbulent motions in the photosphere and lower chromosphere, and is expected to be minimized by observing at the solar limb, where the motions are predominantly transverse. Pressure shifts are also important for certain elements. The secret is to use strong, symmetrical lines, leading to unambiguous wavelength measurements. Truly reliable measurements were not made until 1962 and 1972. Finally, in 1991, LoPresto et al. [13] measured the solar shift in agreement with the prediction to about 2 percent by observing the oxygen triplet lines both in absorption in the limb and in emission just off the limb.
Of course, the first true measurement of the gravitational redshift was the classic Pound-Rebka experiment of 1960 [14] , which measured the frequency shift of gammaray photons from 57 Fe as they ascended or descended the Jefferson Physical Laboratory tower at Harvard University.
The third pillar of general relativity -the perihelion advance of Mercury -was an immediate success for Einstein, yet it did not seem to play as large a role in the early debates over the validity of general relativity as did the deflection. Ironically, eclipse measurements played a small role in the Mercury story as well, because of the planet Vulcan. This hypothetical planet, lying somewhere between Mercury and the Sun, was proposed by Urbain Jean Le Verrier and others in the 1860s to explain the anomalous advance of Mercury's perihelion at 43 arcseconds per century (the modern value) that Le Verrier had uncovered. Numerous "sightings" of Vulcan were made during the last decades of the 19th century. Many early eclipse expeditions, notably in 1901, 1905 and 1908, were partly motivated by the search for the planet Vulcan. Einstein's explanation of the effect appeared to lay the issue to rest, although some diehard critics of general relativity continued to promote Vulcan, and some later eclipse expeditions continued to devote effort in search of Vulcan. No credible evidence for the planet was ever found.
Beginning in the 1960s a renaissance for general relativity and its experimental tests began, and the deflection of light, along with its cousin, the Shapiro time delay, played a central role. In the next section, we turn to the modern story of the deflection of light.
Modern measurements of the deflection
Modern measurements of the deflection of light as well as other weak-field tests of gravity are cast in the language of the parametrized post-Newtonian (PPN) formalism, which parametrizes the weak-field, slow-motion metric of a class of alternative theories of gravity in terms of dimensionless parameters γ, β, ξ, α 1 , α 2 , etc., whose values vary from theory to theory. In general relativity γ = 1, β = 1, while the other parameters all vanish. It is γ that is related to space curvature, whose effect must be added to the Newtonian deflection to get the full prediction. In this framework, a light ray which passes the Sun at a distance d is deflected by an angle
where M ⊙ is the mass of the Sun, G is Newton's gravitational constant, c is the speed of light and Φ is the angle between the Earth-Sun line and the incoming direction of the photon (see Figure 1) . For a grazing ray, Φ ≈ 0, d ≈ R ⊙ , where R ⊙ is the solar radius, and
The development of radio interferometery, and later of very-long-baseline radio interferometry (VLBI), produced greatly improved determinations of the deflection of light. These techniques now have the capability of measuring angular separations and changes in angles to accuracies better than 100 microarcseconds. Early measurements took advantage of the fact that groups of strong quasars annually pass very close to the Sun (as seen from the Earth), such as the group 3C273, 3C279 and 3C48. As the Earth moves in its orbit, changing the lines of sight of the quasars relative to the Sun, the angular separation between pairs of quasars varies. A number of measurements of this kind over the period 1969 -1975 yielded accurate determinations of the coefficient 1 2 (1 + γ), or equivalently γ − 1, reaching levels of a percent. A 1995 VLBI measurement using 3C273 and 3C279 yielded γ −1 = (−8 ±34) ×10 −4 [15] , while a 2009 measurement using the VLBA targeting the same two quasars plus two other nearby radio sources yielded γ − 1 = (−2 ± 3) × 10 −4 [16] . In recent years, transcontinental and intercontinental VLBI observations of quasars and radio galaxies have been made primarily to monitor the Earth's rotation ("VLBI" in Figure 2 ). These measurements are sensitive to the deflection of light over almost the entire celestial sphere (at 90
• from the Sun, the deflection is still 4 milliarcseconds). A 2004 analysis of almost 2 million VLBI observations of 541 radio sources, made by 87 VLBI sites yielded γ − 1 = (−1.7 ± 4.5) × 10 −4 [17] . Analyses that incorporated data through 2010 yielded γ − 1 = (−0.8 ± 1.2) × 10 −4 [18, 19] . To reach high precision at optical wavelengths requires observations from space. The Hipparcos optical astrometry satellite yielded a measurement of the deflection at the level of 0.3 percent [20] . GAIA, a high-precision astrometric orbiting telescope launched by ESA in 2013 [21] possesses astrometric capability ranging from 10 to a few hundred microarcseconds, plus the ability measure the locations of a billion stars down to 20th magnitude; it could measure the light-deflection and γ to the 10 −6 level [22] . Complementary to the deflection of light is the Shapiro time delay, an additional non-Newtonian delay in the round-trip travel time of a signal sent, say, from the Earth to a distant planet or spacecraft and back, given by (see Figure 1 )
where x e (x ⊕ ) are the vectors, and r e (r ⊕ ) are the distances from the Sun to the source (Earth), respectively. For a ray which passes close to the Sun,
where d is the distance of closest approach of the ray in solar radii, and r is the distance of the planet or satellite from the Sun, in astronomical units. This was not predicted by Einstein. It was found in 1964 by radio astronomer Irwin Shapiro, who calculated it while pondering the problem of bouncing radar signals from Venus and Mercury [23] . He then made the first measurement of the effect. During the next four decades numerous high-precision measurements were made of the Shapiro delay using radar ranging to targets passing behind the Sun (superior conjunction). The targets employed included planets, such as Mercury or Venus, and artificial satellites, such as Mariners 6 and 7, Voyager 2, the Viking Mars landers and orbiters, and the Cassini spacecraft to Saturn.
The results for the coefficient
(1 + γ) of all radar time-delay measurements performed to date (including a measurement of the one-way time delay of signals from the millisecond pulsar PSR 1937+21) are shown in Figure 2 . The 1976 Viking experiment resulted in a 0.1 percent measurement [24] . A significant improvement was reported in 2003 from Doppler tracking of the Cassini spacecraft while it was on its way to Saturn [25] , with a result γ − 1 = (2.1 ± 2.3) × 10 −5 . This was made possible by the ability to do Doppler measurements using both X-band (7175 MHz) and Ka-band (34316 MHz) radar, thereby significantly reducing the dispersive effects of the solar corona (in using Doppler tracking, one is essentially measuring the rate of change of the Shapiro delay). In addition, the 2002 superior conjunction of Cassini was particularly favorable: with the spacecraft at 8.43 astronomical units from the Sun, the distance of closest approach of the radar signals to the Sun was only 1.6 R ⊙ .
Putting GR to the test: A legacy of 1919
It is not the purpose of this article to give a full overview of experimental tests of general relativity; readers are referred elsewhere for such reviews [26, 27, 28, 29, 30] . Instead we shall give here a list of selected measurements or observations that illustrate the breadth and depth of tests of general relativity that form the legacy of 1919:
• Global fits of solar system orbital data to verify the relativistic perihelion precession of Mercury to a few parts in 10 5 , coupled with helioseismology measurements showing that the solar quadrupole moment is too small to have an effect at this level [31] .
• Verification of Einstein's gravitational redshift to parts in 10 4 using a hydrogen maser atomic clock on a suborbital spacecraft [32] , and measurements using the latest cold atom clocks that verify gravity's effect on time with exquisite precision [33, 34, 35] .
• Tests of the equivalence principle for massive self-gravitating bodies ("Nordtvedt effect") using lunar laser ranging [36] .
• Measurement of the "dragging of inertial frames" by the rotating Earth using gyroscopes in an orbiting satellite (Gravity Probe B) [37] and using laser tracking of Earth-orbiting satellites (LAGEOS) [38] .
• Tests of the constancy of Newton's gravitational constant, reaching a limit of one part in 10 13 years using data from recent Mars orbiters [39] .
• Stringent bounds on anomalous gravitational effects that are absent in GR, but present in alternative theories with preferred frames or intrusions of external gravity into local dynamics, using methods ranging from Earth-bound gravimeters to pulsar timing data [40, 41] .
• Tests of the existence of gravitational radiation and tests of strong-field effects using binary pulsars (see the article by T. Damour in this volume).
• The total demise of Whitehead's theory, caused by its failure to pass five independent modern experimental tests [42] .
For an up-to-date review and references, see [29] . It is clear that experimental gravity has come a long way from the struggles to test Einstein's predictions in the years immediately following 1919.
The gravitational lens: Einstein's gift to astronomy
In 1979, astronomers Dennis Walsh, Robert Carswell and Ray Weymann discovered the "double quasar" Q0957+561, which consisted of two quasar images about 6 arcseconds apart, with almost the same redshift (z = 1.41) and very similar spectra [43] . Given that quasars are thought to be among the most distant objects in the universe, the probability of finding two so close together was low. It was immediately realized that there was just one quasar, but that intervening matter in the form of a galaxy or a cluster of galaxies was bending the light from the quasar and producing two separate images. Since then, over 60 lensed quasars have been discovered.
Ironically, Einstein was probably the first to consider the possibility of a gravitational lens, although he never published it. Indeed, the fact that he did this calculation was unearthed only in 1997. In the course of studying Einstein's original notebooks for the Einstein Papers Project, Jürgen Renn and colleagues came across a notebook from around 1912, in which Einstein worked out the basic equations for gravitational lenses, including the possibility of double images for a point lens and the magnification of the intensity of the images [44] . Everything he did was off by a factor of two, of course, because he was using the pre-GR value for the deflection of light. He concluded that the effects were too small and the probability of an astronomical lens too low ever to be of interest, so he never published the calculations. In his 1920 book on general relativity, Eddington discussed the possibility of gravitational lenses [45] , and in 1924, Chwolson pointed out that perfect alignment between source, point lens and observer would lead to what is today called an "Einstein ring" image [46] . In 1936, Einstein finally published a short note about gravitational lenses (using the correct numerical factor) [47] , primarily, it seems, to get a Czech electrical engineer named Rudi Mandel to stop pestering him about it. Fritz Zwicky pointed out that galaxies could act as gravitational lenses [48] . During the 1960s and 1970s, Jeno and Madeleine Barnothy argued persistently that lensing by foreground galaxies was responsible for the high luminosity of quasars [49] , but this idea proved not to be valid.
But since the discovery of the first gravitational lens, the phenomenon has been exploited to map the distribution of mass around galaxies and clusters, and to search for dark matter, dark energy, compact objects, and extrasolar planets. Many subtopics of gravitational lensing have been developed to cover different astronomical realms: microlensing for the search of dim compact objects and extra-solar planets, the use of luminous arcs to map the distribution of mass and dark matter, and weak lensing to measure the properties of dark energy. Lensing has to be taken into account in interpreting certain aspects of the cosmic microwave background radiation, and in extracting information from gravitational waves emitted by sources at cosmological distances.
The basics of gravitational lensing may be established by referring to Fig. 3 . A light ray emitted from the source S at a distance D S = D L + D LS is deflected by an angle α and received at O, making an angle θ relative to the selected mass element of the lens. Simple vector addition on the plane of the source yields D S θ = η + ζ, with η = D S β and ζ = −D LS α, where α is the deflection vector, given by
where Σ(ξ ′ ) is the projection of the mass density of the lens onto the lens plane. The result is the lens equation
The simplest lens is that of a spherically symmetric body of mass M. In this case the deflection vector is given by
and substitution into Eq. (6), along with ξ = D L θ, gives rise to a scalar equation θ − θ 2 E /θ = β, leading to two images with
where
The parameter θ E is known as the Einstein angle, and the corresponding length scale
is the Einstein radius. For lenses of galactic scales with M ∼ 10 12 M ⊙ , θ E ≃ 1.8 as, while for solar-mass lenses within the galaxy, θ E ≃ 0.5 mas. For more complex lens mass distributions there can be multiple (typically odd numbers of) images. For a thorough review of the mathematics of lensing and many of its applications, see [50] .
When the source has a nonzero angular size, the lens continues to displace its images, but there is also a distortion of its shape. Points on opposite sides of the source perpendicular to the optical axis are displaced by an angle θ, and are therefore stretched by a corresponding factor, while points on either side parallel to the optical axis are stretched only by the difference in θ. A circular source can be distorted into an ellipse, or even into an arc with a convex side. The orientation and shapes of such luminous arcs have been used to deduce the mass distribution of the galaxies or clusters that act as lenses, a procedure sometimes dubbed gravitational tomography (see [51] for a review). Even when the lens produces elliptical distortions that are too small to be measured individually, there is a systematic effect, averaged over large collections of images, that is sensitive to the evolution of the universe over an epoch when dark energy began to be important; this is the realm of weak gravitational lensing. Weak lensing now plays a role in studies of large-scale structure, of quasar-galaxy correlations, and of fluctuations in the cosmic background radiation, and will be a key tool for probing dark energy (for reviews of weak lensing and its applications see [52] ).
Each image is altered in apparent brightness by a factor
If the images are too close together to be resolved individually by the observer, the total magnification is given by
which is always greater than unity. This is the realm of microlensing. The technique of monitoring the variable brightness of lensed images was used in a series of experiments to search for "massive compact halo objects" (MACHOs) in our galaxy. If the galaxy contains a population of dark objects (black holes, neutron stars, brown dwarf stars, or other exotic objects) with masses comparable to M ⊙ , then the brightness of a star transiting behind such an object should behave in a way consistent with Eq. (12) . This effect can be distinguished from the star's own variability, or from the absorption of starlight by intervening matter, because these tend to depend on wavelength, while the lensing is independent of wavelength. Searches for dark objects passing in front of the dense field of stars in the Large Magellanic Cloud and in the galactic center were carried out between 1993 and 2007, placing a stringent upper limit on the amount of halo mass that could be made up of such objects [53, 54] . This strengthened the conclusion that the vast majority of the halo mass must be made of non-baryonic dark matter. In 2003, an extra-solar planetary system was discovered by microlensing [55] . The combined lensing of a distant source by a Jupiter-scale companion and its host star was measured and could be deconvolved to determine the mass ratio and the approximate distance between the planet and the star. Additional systems were discovered subsequently, and gravitational lensing is proving to be a useful tool in the search for exoplanets.
The first gravitational lensing of supernovae was reported in 2014 [56, 57] ; three Type 1a supernovae from 2011 and 2012 were found to have had their brightness magnified by the lensing action of foreground galactic clusters. In fact, gravitational lensing will be a complicating factor in efforts to use standard candles at large redshift to improve the Hubble relation and to measure cosmic acceleration, whether they be supernovae detected electromagnetically or inspiralling compact binaries detected by gravitational waves.
Finally, gravitational lensing yielded a remarkable test of the deflection of light on galactic scales [58] . It used data on gravitational lensing by 15 elliptical galaxies, collected by the Sloan Digital Sky Survey. The Newtonian potential U of each lensing galaxy (including the contribution from dark matter) was derived from the observed velocity dispersion of stars in the galaxy. Comparing the observed lensing with the lensing predicted by the models provided a 10 percent bound on γ, in agreement with general relativity. Although the accuracy was only comparable to that of Eddington's 1919 measurements, this test of Einstein's light deflection was obtained on a galactic, rather than solar-system scale.
Concluding remarks
In 1919 the primary goal of scientists was to determine if this new theory that The New York Times said put stars "all askew in the heavens" and was comprehensible "by no more than twelve wise men", was correct. Because, as the London Times put it, "the scientific concept of the fabric of the universe must be changed" in the face of general relativity, this was both a scientific question and a philosophical and human question. Today at the centenary of the theory, we have learned to live with curved space-time, and we accept general relativity as the gold standard for gravity on solar-system and many astrophysical scales. The goal now, while perhaps less epochal, is to search for possible new physics "beyond Einstein" that might occur at cosmological scales, in strong-field regimes, or where signatures of quantum gravity might be present. Even if some modified version of general relativity must be adopted ultimately to accommodate new observations, the theory that caused such a sensation in 1919 will very likely still be its foundation.
